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Abstract
A class of tensor models were recently outlined as potentially calculable examples of
holography: their perturbative large-N behavior is similar to the Sachdev-Ye-Kitaev (SYK)
model, but they are fully quantum mechanical (in the sense that there is no quenched disorder
averaging). These facts make them intriguing tentative models for quantum black holes.
In this note, we explicitly diagonalize the simplest non-trivial Gurau-Witten tensor model
and study its spectral and late-time properties. We find parallels to (a single sample of)
SYK where some of these features were recently attributed to random matrix behavior and
quantum chaos. In particular, after a running time average, the spectral form factor exhibits
striking qualitative similarities to SYK. But we also observe that even though the spectrum
has a unique ground state, it has a huge (quasi-?)degeneracy of intermediate energy states,
not seen in SYK. If one ignores the delta function due to the degeneracies however, there is
level repulsion in the unfolded spacing distribution hinting chaos. Furthermore, the spectrum
has gaps and is not (linearly) rigid. The system also has a spectral mirror symmetry which we
trace back to the presence of a unitary operator with which the Hamiltonian anticommutes.
We use it to argue that to the extent that the model exhibits random matrix behavior, it
is controlled not by the Dyson ensembles, but by the BDI (chiral orthogonal) class in the
Altland-Zirnbauer classification.
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1 Motivation and Conclusions
In the holiday wish-list [1] of a devout Holographer, one might very well find a theory
that exhibits (a) solvability in the large-N limit, (b) maximal chaos [2], and (c) emergent
conformal symmetry in the infrared. A theory with these properties would be a potential
candidate for a controllable holographic model for quantum black holes. At first glance,
these demands together might seem forbiddingly constraining1, but a remarkable theory
that passes all three criteria is known: this is the 0+1 dimensional model of Sachdev, Ye
and Kitaev (SYK) [3]. See also [4, 5].
The SYK model has “quenched disorder”, which means that it is a theory whose corre-
lation functions are to be considered after2 an average over an ensemble of couplings. This
means that the SYK (ensemble-averaged) correlation functions cannot themselves be inter-
preted as those of a true quantum system, and therefore one might worry about the lessons
one can extract about the quantum behavior of black holes by studying them.
As an antidote to this, Witten proposed [7] a class of tensor models (building on the work
of Gurau and collaborators [9]) which have the same large-N “melonic” behavior [8] as the
SYK model and therefore shares its nice features, but does not require a quench. We will
call these models and their relatives [10] Holographic Tensor Models (HTM). In this paper,
we will explicitly solve the simplest3 non-trivial Gurau-Witten tensor model.
Our interest in this problem is directly motivated by the work of [6, 11], who studied
spectral properties of the SYK model and showed that it exhibits various features that are
characteristic of random matrices and quantum chaos [12, 13]. In particular, [6] considered
a specific function constructed from the spectrum of the theory4 and showed that a specific
dip-ramp-plateau structure in its time-dependence is a signature also shared by random ma-
trices in the appropriate ensembles. This statement is true without further qualifications
for the SYK model after the ensemble average. But even for a single realization of SYK,
this statement holds after a running time average5. In this paper, we will show that striking
qualitative similarities with this picture exist also in the Gurau-Witten tensor model (af-
ter the running time average to kill the late-time fluctuations). This is interesting because
1In particular, Nature probably does not owe us solvability.
2Of course, one can also consider the theory where the couplings realize only a single element of the
ensemble. Indeed, we will see that this could actually be interesting for our discussions, see also section 8 of
[6]. But the exact solvability at large-N of SYK is unfortunately and crucially tied to the ensemble average.
3The effective N for this model turns out to be 32, which makes it comparable to the N = 32 version of
the SYK model that already exhibits [6] many large-N features.
4They call this function the Spectral Form Factor (SFF), and we will adopt this terminology. See [14] for
various previous discussions on the SFF.
5See section 8 of [6] and our discussions later for a precise definition of the running time average.
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unlike in the (single realization of the) SYK model, the coupling here is a single (dimension-
ful) number, not O(N4) numbers each chosen from a Gaussian distribution. This result is
indicative that despite this, there is randomness and chaos in the system.
We will also see however that there are some interesting differences between the tensor
model and SYK. One of the most striking features is that the tensor model has what looks 6
like a huge degeneracy in the middle of the energy spectrum, as well as moderate degeneracy
elsewhere. The ground state however, is unique. It is tempting to speculate that such a
large degeneracy has to do with the entropy of black hole states in the theory [15], and that
it has something to say about the zero modes of the broken emergent reparametrization
[16] in the IR. But we emphasize that the true ground state is unique and not degenerate.
See [17] for discussions on the emergent reparametrization in the holographically dual AdS2.
Since the system is fermionic, it is plausible that the “half-filled" state should be viewed as
the Fermi surface and states above and below it are to be thought of as particles and holes.
This is especially likely in light of the fact that the spectrum has a particle-hole-like mirror
symmetry as we will discuss.
It will be very interesting to understand these degeneracies in terms of some underlying
symmetry of the Gurau-Witten model. Note that for some values of N the SYK model also
had degeneracies because of fermionic symmetries related to Bott periodicity. But these were
degeneracies that affected every level. Here on the other hand, the degeneracies affect every
state except the most positive and most negative energy states, but the actual degeneracies
are different for each level. The maximum degeneracy occurs at E = 0. But we also note that
extremely finely spaced quasi-degeneracies near zero are known in some condensed matter
systems [18]. Also, in related uncolored tensor models of [10], at least in some cases we have
checked [19] that many of the same features we see here remain, but the degeneracy is lifted.
See the footnote in our final section for some more comments on this.
Interestingly, once we remove the degeneracies and look at the (unfolded) level spacing
distribution P (s), we find distinct evidence that the system shows level repulsion at low s
indicative of chaotic dynamics. Another feature we see is that the spectrum has gaps in it,
especially close to the mid-levels of the energy. In this, and the fact that the spectrum has
no (linear) spectral rigidity, the holographic tensor model is distinct from SYK [6]. Spectral
rigidity (see eg. [20]) is a measure of how much the integrated density of states (sometimes
called the spectral staircase) deviates from a linear fit: it seems from our figure 4 that our
spectrum does not have linear spectral rigidity7. The lack of spectral rigidity is responsible
for the difference between the “ramp" parts of our plots of the SFF, see figures 5 and 6, and
those in [6]. In the holographic tensor model, we find that the plot rises up quite quickly
6To within our numerical error, which we cannot entirely rule out: We have precision up to ≈ 10 decimals.
7We have checked that the spectrum in a single sample of SYK can be fit quite well with a linear fit.
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after the dip to a plateau, in other words the ramp (to the extent that it is well-defined) is
quite steep. This is perhaps not surprising because in [6] it was shown that their slow ramp
structure is related to rigidity of the spectrum. We emphasize however that the statistics
we have for the eigenvalues is relatively small, and that these claims should be taken with a
pinch of salt. We note that the late-time plateau is also related to the level repulsion that
wee see in the spacing distribution [6]. Quantum chaos, random matrix-like aspects and
eigenstate thermalization in certain gapped systems has been studied in [21].
Yet another striking feature of the spectrum is that it has a mirror symmetry, by which
we mean that the energy levels come in pairs around the center as
(E0 + En, E0 − En). (1.1)
The midpoint energy is E0 = 0 and it is at that energy that we see the huge degeneracy.
The presence of spectral mirror symmetry is an indication that the system has a discrete
symmetry which we will discuss in detail later. We will see that it can be traced to the
existence of a unitary operator that anti-commutes with the Hamiltonian [7]. We will ex-
plicitly construct this operator for our Gurau-Witten model. Together with the presence of
a Particle-Hole Symmetry operator which has already been identified for SYK and SYK-like
models like ours [22, 23, 6], this helps us fix the symmetry class of the theory. We will find
that the symmetry class is the so-called BDI class in the 10-fold classification of Altland and
Zirnbauer [24]. This means that unlike the SYK models which were controlled (depending on
the parity properties of N) by the Gaussian Unitary, Orthogonal and Symplectic ensembles
of Dyson, the random matrix behavior of this model is likely to be controlled by the chiral
Gaussian Orthogonal Ensemble. We leave a detailed study of these and numerous other
interesting questions for future work, some of which we comment on in a final section.
2 The Holographic Tensor Model
The general Gurau-Witten tensor model contains q = D + 1 real fermionic fields
ψa,ia0... /iaa...iaD (2.1)
where a, b ∈ {0, 1, ..., D} are called colors, and each of the iam’s run from 1, .., n, where
n is independent of D. The notation /iaa means that iaa is omitted in the indices. The
transformation property of the index iam is what defines the symmetry group of the theory,
and it is fixed as follows. First we define a group Gab = O(n) for each unordered pair (a, b)
of distinct elements in {0, 1, ..., D}. This means that upto an overall discrete group that we
will not keep track of in this paper, the symmetry group of the theory is
G ∼ O(n)D(D+1)/2 (2.2)
3
Now the index iam is thought of as transforming in the vector represnetation of Gam for each
m 6= a. Since there are D groups Gab with a 6= b for a given a, each ψa has nD components.
Now the Gurau-Witten action is written as
SGW =
∫
dt
( i
2
ψi∂tψi − i
(D+1)/2J
nD(D−1)/4
ψ0ψ1..ψD
)
(2.3)
where we have suppressed the contractions in the interaction term. Since a runs from 0 to
D, the total number of real fermions in the theory is N = (D + 1)nD. This is the N that is
relevant for large N , in the sense of comparison to SYK: remember the q in SYK is (D+ 1)
here. The sum over i in the kinetic term is from 1 to N . It should be clear that because
the index structure of each ψa is explicitly constructed to reflect the rest of the fields in the
theory, the contraction structure when explicitly written out is a bit of a mess; see eg. [8]
for the explicit form of the action. We will only discuss the simplest Gurau-Witten theories
where it will be straightforward to write down the contractions by inspection. We also note
that the scaling in the coupling J is introduced so that we have well-defined large-N limit.
We will often set this J to unity, taking advantage of the fact that it is dimension-ful.
Lets start with the simplest theories, where D = 1. In this case, we have two sets of
fields: ψ0 transforming as a vector under G01 = O(n) and ψ1 transforming as a vector under
G10 = G01. This means that the theory is an O(n) theory and explicitly we have
SD=1GW =
∫
dt
( i
2
ψia∂tψ
i
a − iJ ψi0ψi1
)
(2.4)
where all indices are explicit and repeated indices are summed over their appropriate ranges.
This theory is trivially solved for any value of n because it is free after an appropriate
diagonalization in field space: we will not present the details. Essentially identical discussions
can be found in eg. [16, 6] in the context of SYK.
Since the Lagrangian has to be a boson, the next simplest example corresponds to D = 3.
Some index chasing and being careful about the locations of contractions shows that the
explicit action is given by:
SD=3GW =
∫
dt
( i
2
ψijka ∂tψ
ijk
a +
J
n3/2
ψijk0 ψ
ilm
1 ψ
njm
2 ψ
nlk
3
)
(2.5)
The specific contraction structure that we follow here follows a similar contraction in [10].
But one can check (and we have, explicitly) that other consistent contractions also lead to
identical eigenvalue spectra: this is expected because this just affects the ordering of the
assignment of gamma matrices to the spinors (see next section). The theory has an O(n)6
symmetry group, and the number of fermions in the theory is 4n3. The case n = 2 will be
the subject matter of most of our discussions.
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3 The D = 3, n = 2 Gurau-Witten Hamiltonian
Our goal in this paper is to diagonalize the Hamiltonian corresponding to (2.5) and use
it to investigate whether the system exhibits any features of chaos/random-matrix behavior.
The canonical anti-commutation relations of the theory immediately lead to the Clifford
algebra
{ψijka , ψlmnb } = δabδilδjmδkn. (3.1)
This means that we can realize the fermion operators in 0+1 dimensions as Euclidean Gamma
matrices8 of SO(N) = SO((D+1)nD). The dimension of the spinors on which they act grow
exponentially fast in N , so if we want to have any chance of solving these on a computer, we
need to stick to low values for D and n: the upper limit for N that is tractable on a computer
is about 32, 34, ... from what we see in papers on the subject. Quite fortunately, we find
that the first non-trivial value for N in the Gurau-Witten model corresponds to n = 2 which
yields N = 32. This is the model we will solve in this paper.
Note that we got lucky: the next lowest GW model is computationally inaccessible
and requires too much RAM to store the matrices (at least by our resources and skills in
computing), as we will discuss later. It is also fortuitous that the solvable N is not too low!
If it were, we could not legitimately hope to reasonably claim that we are seeing hints of
any large-N physics. As it happens, N = 32 happens to fall in the right range, and it also
happens to be around the upper boundary of N considered in the work of [6].
3.1 Friendly and Really-Real Spinor Representations
The gamma matrices we will need are those of SO(32) which means they are going to be 65536
× 65536 matrices. To solve them with our computing resources, we found it best to work not
with the standard representation of gamma matrices which are complex, but instead with
a real symmetric representation. The fact that such a representation exists is guaranteed
in N = 0 mod 8 dimensions. We will use the so-called friendly representation of gamma
matrices [25] where the gamma matrices are "really real" in N = 0 mod 8 dimensions. To
construct them systematically, we adopt the following recipe. We first construct Euclidean
8The nomenclature here in the condensed matter literature is a bit confusing to the high energy theorist.
To emphasize the obvious: there are no genuine spinors in 0+1 D. What is meant by a fermion in 0+1
dimensional quantum mechanics is an operator that satisfies the Clifford algebra, in other words a gamma
matrix. The dimensionality of the Clifford representation is a choice one has the freedom to make, indepen-
dent of the spacetime dimension which is of course 0+1. In the SYK model for instance, this choice of N
gets interpreted as the number of lattice sites.
5
gamma matrices Ei in N = 8
E1 = σ1 ⊗ 1⊗ 1⊗ 1,
E2 = σ3 ⊗ 1⊗ 1⊗ 1,
E3 = σ2 ⊗ σ2 ⊗ σ1 ⊗ 1,
E4 = σ2 ⊗ σ2 ⊗ σ3 ⊗ 1,
E5 = σ2 ⊗ σ1 ⊗ 1⊗ σ2,
E6 = σ2 ⊗ σ3 ⊗ 1⊗ σ2,
E7 = σ2 ⊗ 1⊗ σ2 ⊗ σ1,
E8 = σ2 ⊗ 1⊗ σ2 ⊗ σ3. (3.2)
These can be explicitly checked to satisfy the Clifford algebra. Together with the definition
E∗ = E1 . . . E8 = σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2, (3.3)
now we can follow the recipe [25]
γµ = γ˜µ ⊗ E∗, µ = 0, 1, . . . , D − 1,
γD−1+i = 1⊗ Ei, i = 1, 2 . . . , 8. (3.4)
to construct gamma matrices in D + 8 dimensions starting from those in D. Starting from
eight dimensions and doing this three times we get from N =8 to 16 to 24 to 32, which is
the case we want. These gamma matrices are real and symmetric.
3.2 Hamiltonian in Terms of Gamma Matrices
Using these gamma matrices as our definition of the fermions, we can explicitly write out
the Gurau-Witten Hamiltonian in terms of the SO(32) gamma matrices. The result is a bit
6
cumbersome:
H =
J√
8
(
γ1γ9γ17γ25 + γ1γ9γ21γ29 + γ1γ10γ18γ25 + γ1γ10γ22γ29 + γ1γ11γ17γ27
+γ1γ11γ21γ31 + γ1γ12γ18γ27 + γ1γ12γ22γ31 + γ2γ9γ17γ26 + γ2γ9γ21γ30
+γ2γ10γ18γ26 + γ2γ10γ22γ30 + γ2γ11γ17γ28 + γ2γ11γ21γ32 + γ2γ12γ18γ28
+γ2γ12γ22γ32 + γ3γ9γ19γ25 + γ3γ9γ23γ29 + γ3γ10γ20γ25 + γ3γ10γ24γ29
+γ3γ11γ19γ27 + γ3γ11γ23γ31 + γ3γ12γ20γ27 + γ3γ12γ24γ31 + γ4γ9γ19γ26
+γ4γ9γ23γ30 + γ4γ10γ20γ26 + γ4γ10γ24γ30 + γ4γ11γ19γ28 + γ4γ11γ23γ32
+γ4γ12γ20γ28 + γ4γ12γ24γ32 + γ5γ13γ17γ25 + γ5γ13γ21γ29 + γ5γ14γ18γ25
+γ5γ14γ22γ29 + γ5γ15γ17γ27 + γ5γ15γ21γ31 + γ5γ16γ18γ27 + γ5γ16γ22γ31
+γ6γ13γ17γ26 + γ6γ13γ21γ30 + γ6γ14γ18γ26 + γ6γ14γ22γ30 + γ6γ15γ17γ28
+γ6γ15γ21γ32 + γ6γ16γ18γ28 + γ6γ16γ22γ32 + γ7γ13γ19γ25 + γ7γ13γ23γ29
+γ7γ14γ20γ25 + γ7γ14γ24γ29 + γ7γ15γ19γ27 + γ7γ15γ23γ31 + γ7γ16γ20γ27
+γ7γ16γ24γ31 + γ8γ13γ19γ26 + γ8γ13γ23γ30 + γ8γ14γ20γ26 + γ8γ14γ24γ30
+γ8γ15γ19γ28 + γ8γ15γ23γ32 + γ8γ16γ20γ28 + γ8γ16γ24γ32
)
(3.5)
This object is what we will diagonalize and study in the upcoming sections. All its elements
are either +1, -1 or zero. The matrix is largely sparse, and it is useful for some of our purposes
later to have an idea about the distribution of its non-trivial matrix elements, so we plot it
in Figure 1. It is evident that it has some interesting (almost fractal-like) structure. It is
also interesting to note that the result of a single draw of the SYK ensemble (with the same
really real Gamma matrices) results in a Hamiltonian which looks a lot more “random" and
less sparse in appearance. We present its sparseness structure in Figure 2 for comparison.
It is worth noting that the non-zero elements of such an SYK Hamiltonian are randomly
distributed numbers, whereas the elements of the GW Hamiltonian are +1, -1 or zero. And
yet, we will see that it produces features of randomness. This is not unfamiliar in the case
of condensed matter systems where eigenvalue spectra of adjacency matrices can give rise to
randomness.
We have diagonalized the Hamiltonian above numerically, and we report on various as-
pects of the result in the next section.
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Figure 1: The MatrixPlot of Hamiltonian (3.5).
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Figure 2: The MatrixPlot of an SYK Hamiltonian for a single draw from the ensemble. We
are considering the case N = 16, with really real Gamma matrices.
4 Numerical Results
We first present the spectrum, and then in the subsequent subsections present qualitative
comparisons to various spectral properties of the SYK model as well as to hints of random
matrix-like behavior and chaos. We also mention the differences from SYK.
4.1 The Eigenvalue Spectrum
The density of states is plotted in Figure 3. It has a multi-peak structure that differs from
the SYK single draw case [16]. We also note that the spectrum is exactly symmetric around
E = 0. We will have more to say about this in the next section, but for now, we note that
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E
Figure 3: The density of states. The d.o.s is symmetric: the slight asymmetry is an artifact
of the binning of the eigenvalues.
an approximate symmetry of this type existed also in (a single draw of) the SYK spectrum
as well: see figure 13 in [16]. We also note that the ground state is unique and has no
degeneracies, but there is a huge degeneracy around E = 0 (within our numerical precision).
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Figure 4: The integrated density of states. The jump around zero is a result of the degeneracy
at E = 0.
4.2 Spectral Form Factor
The plots of the spectral form factor, which is defined [6] as
Fβ(t) =
|Z(β, t)|2
|Z(β)|2 (4.1)
9
with
Z(β, t) ≡ Tr(e−(β+it)H) (4.2)
was used as a measure of the random-matrix-like behavior of the SYK model. A dip-ramp-
plateau structure in the theory was argued to be evidence for this. The work of [6] mostly
focused on the ensemble-averaged case, but it was also noted that a running time average in
the single draw case results in qualitatively similar features.
10-2
10-1
100
 0.1  1  10  100  1000
F β
=
0
t
∆t=10
∆t=20
∆t=50
∆t=100
∆t=150
Figure 5: The SFF for β = 0
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Figure 6: The SFF for β = 0.5
We have computed the same quantity in the Gurau-Witten theory and we report the
plots after a running time average. This means we plot a sliding window average with fixed
time windows given by ∆t. The averaging times ∆t are quoted in the figures. We see a
pattern that is quite parallel to that found in [6]. Note also that our ramp is steeper than
the one found there. We also note (as observed in [26]) that there is some tension between
increasing the averaging window and the existence of the ramp.
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4.3 Level Repulsion
Once the degeneracies are removed (so that the delta function at the origin of the level spacing
distribution goes away), we find that the level spacing distribution P (s) shows distinct signs
of level repulsion.
To see this, we first have to unfold the spectrum (see [11] and refernces therein). In inte-
grable systems, the unfolded level spacing distribution typically shows a Poisson distribution
steadily increasing as s→ 0. The absence of this, and a turnaround in the distribution close
to zero is called level repulsion and is often taken as an indicator of chaotic behavior in the
dynamics. In the plot 8, we see distinct evidence for this type of level repulsion9.
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Figure 7: The integrated d.o.s plot after degeneracies have been removed. This is the data
that we use for doing the unfolding.
5 Discrete Symmetries and the Choice of Ensemble
From a glance at the spectrum, it becomes clear that the eigenvalues are exactly sym-
metrical around zero. Such a spectrum is said to exhibit spectral mirror symmetry [13]. In
this section we will understand this symmetry in the spectrum in terms of an underlying
discrete symmetry of the system. This will enable us to also identify the ensemble that is
likely to control the random matrix-like behavior of the D = 3, n = 2 Gurau-Witten theory.
The basic observation here is simple. We note that flipping the sign of any one of the
ψa’s in the theory changes the sign of the Hamiltonian: there is a unitary [7] operator under
which the Hamiltonian is odd. Following the conventions of [13], we will call this the S
9We have truncated the plot at large s to avoid featuring edge effects: these are not relevant for seeing
the level repulsion.
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Figure 8: Unfolded level spacing distribution showing level repulsion near s → 0. The
level repulsion is evident, but we emphasize that after the degeneracies are removed, the
eigenvalues available are not many.
operator. The statement then is that
SHS† = −H (5.1)
What is this operator explicitly? It is straightforward to see this in the gamma matrix
language. Flipping ψ0 corresponds in this language to flipping the signs of all the γi’s in the
range i = 1, ..8 while retaining the signs of all the rest10. This means that S is defined by
S = γ1γ2...γ8 (5.2)
so that
SγiS = −γi for i = 1, ..., 8 (5.3)
SγiS = +γi for i = 9, ..., 32 (5.4)
Note also that in the really real representation that we are working with, the gamma’s are
real and symmetric and so the Clifford algebra guarantees that S2 = SS† = SST = 1. So
what we are left with is a unitary operator S that anti-commutes with the Hamiltonian, and
squares to 1.
Furthermore, it was noted in [22, 23, 6] that the theory has a symmetry P that has been
called a particle-hole symmetry11. The same construction goes through in our case as well.
10Flipping the signs of any of the other ψa’s can be understood as a (signed) permutation of the ψa’s
together with the S operation, and the former is a symmetry of the theory, so these do not give rise to
essentially new S operators.
11It is perhaps more usefully called a T operator. We will adopt this terminology. It contains an anti-linear
piece and is related to Kramer’s degeneracy, see page 10 of [23].
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For SYK with N = 0 mod 8, as well as in our case, it is straightforward to check that it
squares to 1.
Together then, we have two discrete symmetries. An S that squares to 1, and a T that
squares to 1. It turns out that these two symmetries are the defining features of the symmetry
class BDI in the Altland-Zirnbauer 10-fold classification. It is also referred to as the chiral
Gaussian Orthogonal Ensemble. This observation is a strong suggestion that unlike in the
SYK cases, the random matrix ensembles corresponding to the Holographic Tensor Models
need not be the Wigner-Dyson ensembles.
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Figure 9: The MatrixPlot structure of S.
We conclude this section with one brief comment. Note that Figure 1 is very suggestive
of a Bogolubov-de Gennes (BdG) structure for the Hamitonian. This structure refers to
Hamiltonians of the form
H =
(
A B
B† −AT
)
(5.5)
which are common in mesoscopic physics. One can in fact check explicitly that our Hamil-
tonian actually satisfies A = AT . Also since the Hamiltonian is real symmetric, we also have
B† = BT . But our Hamiltonian does not satisfy B = ±BT which would have taken it to one
of the other symmetry classes instead of BDI. Operationally this is because the S operator
in our case is not of the form (
0 1
±1 0
)
, (5.6)
see for example [13]. Explicit evaluations shows that its structure is as in Figure 9 in the
gamma matrix representation that we are working with.
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6 Comments
Clearly, we have only considered the most basic features of a specific holographic tensor
model. The results we find are a strong suggestion that there is a lot to be understood here.
We only make some brief comments of immediate relevance.
It will be very interesting to understand the detailed level spacing distribution and other
"random matrix-like" quantities of HTMs with larger N : in our N = 32 case we do not
have too much statistics once the degeneracies are removed because the total number of
eigenvalues of the Hamiltonian is merely 65536. The next simplest Gurau-Witten model
however is at D = 3, n = 3 and D = 5, n = 2 which corresponds to N = (D + 1)nD = 108
and 192 which is computationally inaccessible via brute force12. Another possibility is to
consider the model considered in [10]13, where the model is uncolored and therefore one gets
a reduction in degrees of freedom by a factor of D + 1. The N -dependence of the various
features would be interesting to understand.
One thing we have not emphasized in this paper is the existence of the ∼ O(N)D(D+1)/2
symmetry in the Gurau-Witten theory, which should appropriately be thought of as gauged
for holographic purposes. We have limited our discussion to a direct comparison with the
SYK model where this symmetry is absent. See discussion in [10] for comments on this.
We have also done some partial investigations of the thermodynamics of this model, but
a thorough discussion will be presented elsewhere. It might also be interesting to see if the
Gurau-Witten model is exactly solvable at large D.
Acknowledgement
CK thanks Prithvi Narayan, Julian Sonner and Junggi Yoon for highly educational lec-
tures on the SYK model and related matters. PNBS thanks Adhip Agarwala for useful
discussions. We also thank Pallab Basu for collaboration in the early stages of this project.
The use of the computational resources of IISc and especially the cluster at ICTS is acknowl-
edged. SS gratefully acknowledges funding from Indo-Israeli joint research grant. We also
12We are informed by J. Sonner that one can avoid dealing with explicit matrix assignments for gamma
matrices, by treating operations involving them as logical operations on their matrix elements. This will
reduce some of the demands on computing.
13We have completed a similar investigation there as well [19], and the results are quite parallel. In the
n = 3, D = 3 case (N = 27), there is spectral mirror symmetry and the plots of the various quantities are
qualitatively similar. (Except for an overall 16-fold degeneracy that can be understood from symmetries.).
The n = 2, D = 3 case (N = 8) turns out to be too small to exhibit chaos. We have not been able to
diagonalize the n = 2, D = 5 case (N = 32) because the matrix is too dense for our rather simple-minded
endeavors in computing.
14
thank Pallab Basu, K. V. Pavan Kumar and R. Loganayagam for discussions. CK is grateful
to Taamarakkutti for bringing order to his daily hustle during this project.
References
[1] J. Polchinski and V. Rosenhaus, “The Spectrum in the Sachdev-Ye-Kitaev Model,”
JHEP 1604, 001 (2016) doi:10.1007/JHEP04(2016)001 [arXiv:1601.06768 [hep-th]].
[2] J. Maldacena, S. H. Shenker and D. Stanford, “A bound on chaos,” JHEP 1608, 106
(2016) doi:10.1007/JHEP08(2016)106 [arXiv:1503.01409 [hep-th]].
[3] S. Sachdev and J. Ye, “Gapless spin-fluid ground state in a random quan-
tum Heisenberg magnet,”Phys. Rev. Lett. 70 (May, 1993) 3339–3342.
http://link.aps.org/doi/10.1103/PhysRevLett.70.3339. A. Kitaev, “A simple model of
quantum holography,” KITP strings seminar and Entanglement 2015 program (Feb.
12, April 7, and May 27, 2015) . http://online.kitp.ucsb.edu/online/entangled15/.
[4] O. Parcollet and A. Georges, “Non-Fermi-liquid regime of a doped Mott insulator,”Phys.
Rev. B 59 (Feb., 1999) 5341–5360, http://arxiv.org/abs/cond-mat/9806119.
[5] I. Danshita, M. Hanada and M. Tezuka, “Creating and probing the Sachdev-Ye-
Kitaev model with ultracold gases: Towards experimental studies of quantum gravity,”
arXiv:1606.02454 [cond-mat.quant-gas]; P. Caputa, T. Numasawa and A. Veliz-Osorio,
“Out-of-time-ordered correlators and purity in rational conformal field theories,” PTEP
2016, no. 11, 113B06 (2016) doi:10.1093/ptep/ptw157 [arXiv:1602.06542 [hep-th]];
J. M. Magan, “Random free fermions: An analytical example of eigenstate thermaliza-
tion,” Phys. Rev. Lett. 116, no. 3, 030401 (2016) doi:10.1103/PhysRevLett.116.030401
[arXiv:1508.05339 [quant-ph]]; J. M. Magan, “Black holes as random particles: en-
tanglement dynamics in infinite range and matrix models,” JHEP 1608, 081 (2016)
doi:10.1007/JHEP08(2016)081 [arXiv:1601.04663 [hep-th]]; Y. Liu, M. A. Nowak and
I. Zahed, “Disorder in the Sachdev-Yee-Kitaev Model,” arXiv:1612.05233 [hep-th];
P. Betzios, U. Gursoy and O. Papadoulaki, “Matrix Quantum Mechanics on S1/Z2,”
arXiv:1612.04792 [hep-th]; C. Peng, M. Spradlin and A. Volovich, “A Supersymmet-
ric SYK-like Tensor Model,” arXiv:1612.03851 [hep-th]; D. Anninos and G. A. Silva,
“Solvable Quantum Grassmann Matrices,” arXiv:1612.03795 [hep-th]; J. Erdmenger,
C. Hoyos, A. O’Bannon, I. Papadimitriou, J. Probst and J. M. S. Wu, “Two-point Func-
tions in a Holographic Kondo Model,” arXiv:1612.02005 [hep-th; R. A. Davison, W. Fu,
A. Georges, Y. Gu, K. Jensen and S. Sachdev, “Thermoelectric transport in disordered
metals without quasiparticles: the SYK models and holography,” arXiv:1612.00849
15
[cond-mat.str-el; T. Nishinaka and S. Terashima, “A Note on Sachdev-Ye-Kitaev Like
Model without Random Coupling,” arXiv:1611.10290 [hep-th; M. Blake and A. Donos,
“Diffusion and Chaos from near AdS2 horizons,” arXiv:1611.09380 [hep-th; J. Erd-
menger, C. Hoyos, A. O’Bannon, I. Papadimitriou, J. Probst and J. M. S. Wu, “Holo-
graphic Kondo and Fano Resonances,” arXiv:1611.09368 [hep-th; X. Chen, T. Zhou,
D. A. Huse and E. Fradkin, “Out-of-time-order correlations in many-body localized and
thermal phases,” arXiv:1610.00220 [cond-mat.str-el; W. Fu, D. Gaiotto, J. Maldacena
and S. Sachdev, “Supersymmetric SYK models,” arXiv:1610.08917 [hep-th; Y. Ling,
P. Liu and J. P. Wu, “Note on the butterfly effect in holographic superconductor mod-
els,” arXiv:1610.07146 [hep-th; K. Hashimoto and N. Tanahashi, “Universality in Chaos
of Particle Motion near Black Hole Horizon,” arXiv:1610.06070 [hep-th; S. Baner-
jee and E. Altman, “Solvable model for a dynamical quantum phase transition from
fast to slow scrambling,” arXiv:1610.04619 [cond-mat.str-el; M. Berkooz, P. Narayan,
M. Rozali and J. SimÃşn, “Higher Dimensional Generalizations of the SYK Model,”
arXiv:1610.02422 [hep-th; Y. Ling, P. Liu and J. P. Wu, “Holographic Butterfly Effect
at Quantum Critical Points,” arXiv:1610.02669 [hep-th; D. J. Gross and V. Rosenhaus,
“A Generalization of Sachdev-Ye-Kitaev,” arXiv:1610.01569 [hep-th; Y. Gu, X. L. Qi
and D. Stanford, “Local criticality, diffusion and chaos in generalized Sachdev-Ye-Kitaev
models,” arXiv:1609.07832 [hep-th; N. Y. Halpern, “Jarzynski-like equality for the out-
of-time-ordered correlator,” arXiv:1609.00015 [quant-ph; S. Giombi, I. R. Klebanov and
Z. M. Tan, “The ABC of Higher-Spin AdS/CFT,” arXiv:1608.07611 [hep-th; A. Jevicki
and K. Suzuki, “Bi-Local Holography in the SYK Model: Perturbations,” JHEP 1611,
046 (2016) doi:10.1007/JHEP11(2016)046 [arXiv:1608.07567 [hep-th]; D. Radicevic,
“Quantum Mechanics in the Infrared,” arXiv:1608.07275 [hep-th; S. A. Hartnoll, L. Hui-
jse and E. A. Mazenc, “Matrix Quantum Mechanics from Qubits,” arXiv:1608.05090
[hep-th; L. GarcÃŋa-ÃĄlvarez, I. L. Egusquiza, L. Lamata, A. del Campo, J. Sonner
and E. Solano, “Digital Quantum Simulation of Minimal AdS/CFT,” arXiv:1607.08560
[quant-ph; N. Y. Yao, F. Grusdt, B. Swingle, M. D. Lukin, D. M. Stamper-Kurn,
J. E. Moore and E. A. Demler, “Interferometric Approach to Probing Fast Scram-
bling,” arXiv:1607.01801 [quant-ph; G. Zhu, M. Hafezi and T. Grover, “Measurement
of many-body chaos using a quantum clock,” arXiv:1607.00079 [quant-ph; J. Engel-
sÃűy, T. G. Mertens and H. Verlinde, “An investigation of AdS2 backreaction and
holography,” JHEP 1607, 139 (2016) doi:10.1007/JHEP07(2016)139 [arXiv:1606.03438
[hep-th]; K. Jensen, “Chaos in AdS2 Holography,” Phys. Rev. Lett. 117, no. 11, 111601
(2016) doi:10.1103/PhysRevLett.117.111601 [arXiv:1605.06098 [hep-th]; D. A. Roberts
and B. Swingle, “Lieb-Robinson Bound and the Butterfly Effect in Quantum Field The-
ories,” Phys. Rev. Lett. 117, no. 9, 091602 (2016) doi:10.1103/PhysRevLett.117.091602
16
[arXiv:1603.09298 [hep-th]; A. Jevicki, K. Suzuki and J. Yoon, “Bi-Local Holog-
raphy in the SYK Model,” JHEP 1607, 007 (2016) doi:10.1007/JHEP07(2016)007
[arXiv:1603.06246 [hep-th]; G. Turiaci and H. Verlinde, “On CFT and Quantum Chaos,”
arXiv:1603.03020 [hep-th; D. Anninos, T. Anous and F. Denef, “Disordered Quivers
and Cold Horizons,” arXiv:1603.00453 [hep-th; E. Perlmutter, “Bounding the Space of
Holographic CFTs with Chaos,” JHEP 1610, 069 (2016) doi:10.1007/JHEP10(2016)069
[arXiv:1602.08272 [hep-th]; Y. Gu and X. L. Qi, “Fractional Statistics and the Butter-
fly Effect,” JHEP 1608, 129 (2016) doi:10.1007/JHEP08(2016)129 [arXiv:1602.06543
[hep-th];
[6] J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker, D. Stanford,
A. Striecher and M. Tezuka, “Black Holes and Random Matrices,” arXiv:1611.04650
[hep-th].
[7] E. Witten, “An SYK-Like Model Without Disorder,” arXiv:1610.09758 [hep-th].
[8] R. Gurau, “The complete 1/N expansion of a SYK–like tensor model,” arXiv:1611.04032
[hep-th].
[9] R. Gurau, “Invitation to Random Tensors,” SIGMA 12, 094 (2016)
doi:10.3842/SIGMA.2016.094 [arXiv:1609.06439 [hep-th]]; V. Bonzom, R. Gurau
and V. Rivasseau, “Random tensor models in the large N limit: Uncoloring the colored
tensor models,” Phys. Rev. D 85, 084037 (2012) doi:10.1103/PhysRevD.85.084037
[arXiv:1202.3637 [hep-th]]; V. Bonzom, R. Gurau, A. Riello and V. Rivasseau, “Critical
behavior of colored tensor models in the large N limit,” Nucl. Phys. B 853, 174
(2011) doi:10.1016/j.nuclphysb.2011.07.022 [arXiv:1105.3122 [hep-th]]; R. Gurau, “The
complete 1/N expansion of colored tensor models in arbitrary dimension,” Annales
Henri Poincare 13, 399 (2012) doi:10.1007/s00023-011-0118-z [arXiv:1102.5759 [gr-qc]];
R. Gurau and V. Rivasseau, “The 1/N expansion of colored tensor models in arbi-
trary dimension,” Europhys. Lett. 95, 50004 (2011) doi:10.1209/0295-5075/95/50004
[arXiv:1101.4182 [gr-qc]]; R. Gurau, “The 1/N expansion of colored tensor models,”
Annales Henri Poincare 12, 829 (2011) doi:10.1007/s00023-011-0101-8 [arXiv:1011.2726
[gr-qc]].
[10] I. R. Klebanov and G. Tarnopolsky, “Uncolored Random Tensors, Melon Diagrams, and
the SYK Models,” arXiv:1611.08915 [hep-th].
[11] A. M. Garcia-Garcia and J. J. M. Verbaarschot, “Spectral and thermodynamic properties
of the Sachdev-Ye-Kitaev model,” arXiv:1610.03816 [hep-th].
[12] F. Haake, “Quantum Signatures of Chaos", Springer.
17
[13] P. Shukla, “Random Matrix Theory and Applications” (IIT Kgharagpur Lectures)
http://nptel.ac.in/courses/115105052/1
[14] E. Brazin and S. Hikami, “Spectral form factor in random matrix theory,” Phys. Rev.
E 55, 4067 (1997); R. E. Prange, “The Spectral Form Factor Is Not Self-Averaging,”
Phys. Rev. Lett. 78, 2280 (1997); E. Brazin and S. Hikami, “Extension of level-spacing
universality,” Phys. Rev. E 56, 264 (1997); K. Papadodimas and S. Raju, “Local
Operators in the Eternal Black Hole,” Phys. Rev. Lett. 115, no. 21, 211601 (2015)
doi:10.1103/PhysRevLett.115.211601 [arXiv:1502.06692 [hep-th]]; K. Papadodimas and
S. Raju, “Remarks on the necessity and implications of state-dependence in the black
hole interior,” Phys. Rev. D 93, no. 8, 084049 (2016) doi:10.1103/PhysRevD.93.084049
[arXiv:1503.08825 [hep-th]].
[15] C. Krishnan, “Quantum Field Theory, Black Holes and Holography,” arXiv:1011.5875
[hep-th].
[16] J. Maldacena and D. Stanford, “Remarks on the Sachdev-Ye-Kitaev model,” Phys. Rev.
D 94, no. 10, 106002 (2016) doi:10.1103/PhysRevD.94.106002 [arXiv:1604.07818 [hep-
th]].
[17] A. Almheiri and J. Polchinski, “Models of AdS2 backreaction and holography,”
JHEP 1511, 014 (2015) doi:10.1007/JHEP11(2015)014 [arXiv:1402.6334 [hep-th]].
J. Maldacena, D. Stanford and Z. Yang, “Conformal symmetry and its breaking in
two dimensional Nearly Anti-de-Sitter space,” PTEP 2016, no. 12, 12C104 (2016)
doi:10.1093/ptep/ptw124 [arXiv:1606.01857 [hep-th]]. M. Cvetic and I. Papadimitriou,
“AdS2 holographic dictionary,” JHEP 1612, 008 (2016) doi:10.1007/JHEP12(2016)008.
[18] S. Sanyal, K. Damle and O. I. Motrunich, “Vacancy-induced low-energy states in un-
doped graphene,” Phy. Rev. Lett. 117, 116806 (2016).
[19] C. Krishnan, K. V. P. Kumar and S. Sanyal, “Random Matrices and Holographic Tensor
Models,” arXiv:1703.08155 [hep-th].
[20] M. V. Berry, “Semiclassical theory of spectral rigidity,” Proc. R. Soc. Lond. A 400,
229-251 (1985).
[21] M. Rigol and L. F. Santos, “Quantum chaos and thermalization in gapped systems,”
Phys. Rev. A 82, 011604 (2010).
[22] Y. Z. You, A. W. W. Ludwig and C. Xu, “Sachdev-Ye-Kitaev Model and Thermalization
on the Boundary of Many-Body Localized Fermionic Symmetry Protected Topological
States,” arXiv:1602.06964 [cond-mat.str-el;
18
[23] W. Fu and S. Sachdev, “Numerical study of fermion and boson models with
infinite-range random interactions,” Phys. Rev. B 94, no. 3, 035135 (2016)
doi:10.1103/PhysRevB.94.035135 [arXiv:1603.05246 [cond-mat.str-el];
[24] A. Altland, M. R. Zirnbauer, “Novel Symmetry Classes in Mesoscopic Normal-
Superconducting Hybrid Structures",
[25] D. Z. Freedman and A. Van Proeyen, “Supergravity", Cambridge.
[26] V. Balasubramanian, B. Craps, B. Czech and G. SÃąrosi, “Echoes of chaos from string
theory black holes,” arXiv:1612.04334 [hep-th].
19
